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Ward Identities and Vanishing of the Beta Function for
d =1 Interacting Fermi Systems

G. Benfatto! and V. Mastropietro'

Received September 30, 2003; October 2, 2003

We give a self consistent and simplified proof of the (asymptotic) vanishing of
the Beta function in d =1 interacting Fermi systems as a consequence of a few
properties deduced from the exact solution of the Luttinger model. Moreover,
since the vanishing of the Beta function is usually “proved” in the physical lit-
erature through heuristic arguments based on Ward identities, we briefly discuss
here also the possibility of exploiting this idea in a rigorous approach, by using
a suitable Dyson equation. We show that there are serious difficulties, related to
the presence of corrections (for which we get careful bounds), which are usually
neglected.
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1. INTRODUCTION

Inspired by a previous deep analysis by Tomonaga, forty years ago
Luttinger™ introduced his model, describing two kinds of d = 1 fermions
with linear dispersion relation and interacting via a short range potential,
as a model for d = 1 metals. The solution of the model given in ref. 13 was
however incorrect and a true solution was given a bit later by Mattis and
Lieb. They showed that the model can be exactly reexpressed in terms of
a free bosonic model; this implies that all the correlation functions of the
model can be computed (an explicit expression can be found in ref. 3).
However the solution given in ref. 20 seems to depend crucially from the
details of the Luttinger model Hamiltonian, and even apparently harmless
and physically irrelevant modifications of it completely destroy the possi-
bility of an exact mapping into a free bosonic model. This is unlucky,
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because a large number of important models, for which an exact solution is
lacking (at least for the correlation functions), can be reexpressed in terms
of interacting fermionic models and it is physically very reasonable to
assume that they are in the same class of universality of the Luttinger
model (or of its massive version, which is however not solvable). We
mention the Heisemberg models for spin J quantum spin chains, like the
XXZ or the XYZ chain, see refs. 1 or 15, or classical bidimensional spin
lattice models, like the Eight vertex or the Ashkin—Teller models, see
refs. 15 or 21. More recent examples are models of vicinal surfaces® or the
domain wall theory of commensurate-incommensurate phase transitions in
two dimension.® In all such cases the mapping into a fermionic theory,
and the subsequent assumption that it belongs to the same class of univer-
sality of the massless or massive Luttinger model, seems a very powerful
method (sometimes the only one) to get information about the asymptotic
behavior of the correlations.

In the last decade, starting from,® a perturbative approach based on
Renormalization Group methods has indeed achieved the goal of using the
Luttinger model exact solution to get the asymptotic behavior of the corre-
lations for many of such models at low temperature (for a recent review,
see ref. 11). Among recent achievements is the computation in ref. 5 and 6
of the spin-spin correlation along the third axis of the XY Z model (with a
possible inclusion of next nearest neighbor interaction) in a magnetic field;
and the computation in refs. 16 and 17 of the energy-energy correlation
and the specific heat near the critical point of many classical spin models
coupled by quartic interactions, including the Eight-vertex and the Ashkin-
Teller model. Such results convert (at least partially) into rigorous proofs
the deep physical intuitions in refs. 1, 15, or 21.

The analysis starts by writing the generating function of the correla-
tions as a Grassmann integral, and by expressing the Grassmanian inte-
gration as the product of many independent integrations, each of them
describing the theory at a certain momentum scale. This allows us to
perform the overall functional integration by iteratively integrating the
Grassmanian variables of decreasing momentum scale. After each integra-
tion step one gets an effective theory similar to the initial one, the main
differences being that the remaining Grassmanian integration is renor-
malized (the renormalization being defined in terms of a few parameters,
renormalization constants, related to the critical indices of the model) and
the relevant part of the interaction (which is described in terms of a few
other parameters, the running coupling constants) (RCC in the following) is
modified. The method works if the RCC remain small at each step; in fact,
in this case, the correlations and the critical indices can be written as con-
vergent power series in the RCC.
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The RCC obey a complicated set of recursive equations, whose right
hand side will be called, as usual, the Beta function. In order to prove that
they do not grow as the momentum scale goes to zero, the Beta function is
decomposed into two terms; the first term is common to all such models
and is essentially equal to the Luttinger model Beta function, while the
other one is model dependent. It turns out that the first term is asymptoti-
cally vanishing, even if the dimensional bounds following from the multi-
scale analysis do not support this result; we call this property “vanishing of
Luttinger model Beta function.” On the contrary, the dimensional bounds
are sufficient to control the effect of the second term on the flow of the
RCC in all the models we can successfully analyze, so that, by using a
suitable iterative procedure, it is possible to show that the RCC stay indeed
small on all scales. The details on the bound of the second term and on its
(of course essential) role in explaining the physical properties of the differ-
ent models, are given in the papers referenced before. The point is that a
property valid for the Luttinger model (the vanishing of the Beta function)
is used to prove that the RCC remain small (and so the expansion for the
correlation function is convergent) in a number of not solvable models.

The main result of this paper is the proof of the vanishing of the
Luttinger model Beta function (see Theorem (3.1)), which is at the core of
the above results. Although a proof of this crucial point is already sketched
in the literature, see refs. 4 and 7, it is in some point unnecessarily compli-
cated and not all the details are published. We present here a new proof,
which is based on the same ideas but which is much simpler. We shall give
all the details, except those which can be taken from ref. 5 without any
further discussion, as the bound (2.43) and Lemma 3.2.

The main technical difficulty in proving this result is that the Beta
function is written by a convergent expansion and each order is obtained
by summing up a certain number of terms; the vanishing of the Beta func-
tion is a consequence of certain complicated cancellations occurring at
every order. While one can easily check by direct computation that such
cancellations occur at lowest orders, to prove that they occur at every order
looks to us essentially impossible. Our proof is instead based on the analy-
ticity properties of the correlation functions of the Luttinger model as
functions of the interaction A and of a parameter § describing the difference
between the Fermi velocity and an arbitrary fixed value, say 1; such prop-
erties are deduced by the Luttinger model exact solution in refs. 3 and 20.

The proof is in Sections 2 and 3. In particular in Section 2 we present
our Renormalization Group analysis of the Luttinger model with a local
interaction, a fixed ultraviolet cutoff and an arbitrary infrared cutoff. Note
that the interaction locality for the model with ultraviolet cutoff is chosen
only for convenience, as any short range interaction would produce similar
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results. The outcome of the RG analysis is that the Schwinger functions are
represented as expansions in terms of two sequences of RCC, one related
with the interaction strength at different momentum scale, the other with
the Fermi velocity (there is no renormalization of the Fermi momentum in
the Luttinger model); if the RCC are small the expansions are convergent,
and by them very careful bounds on the large distance asymptotic behavior
are obtained. A similar analysis can be repeated for the Luttinger model with
no cut-offs, due to the results in refs. 5 and 9, as explained in Section 3.2

In Section 3 we prove that indeed the RCC are bounded. First of all,
we remark that, if the RCC of the Luttinger model are small, the same is
true for the RCC of the Luttinger model with cut-off. This is due to the
fact that the Beta functions of the Luttinger model with or without cut-off
differ by terms which go to zero exponentially, if the momentum scale go
to zero. We consider then the RCC of the Luttinger model in a finite
volume L and we show, as a consequence of the analysis in Section 2, that
there is a quantity, depending only on two and four points Schwinger
functions computed at distances of order L, which is proportional to the
running coupling constant which measures the effective interaction strength
on scales of order L~!, up to small corrections, see Lemma 3.3. The crucial
point is that such quantity can be also computed by the explicit expression
of the Luttinger model Schwinger functions, obtained from the exact solu-
tion (which is valid also at a finite volume L), and it turns out that such
quantity is of order A, see (3.12). This, togheter with the fact that the RCC
for the model in a volume L are close to the one in the infinite volume (see
(3.33), implies that the RCC of the infinite volume Luttinger model are well
defined and of order A on all scales, see Lemma 3.4. In this proof an
important role is played by a Ward identity, see (3.40), which allows us to
control the Fermi velocity renormalization in terms of the interaction
strength renormalization. Finally, there is a simple argument, explained at
the end of Section 3, proving the vanishing of the Beta function for the
Luttinger model (and so for the model with infrared and ultraviolet cut-
off ) as a consequences of the above results on the RCC; this completes our
proof.

In Section 4 we discuss the interesting question if the vanishing of the
Beta function can be proved without any use of the Luttinger model exact
solution, but directly in the framework of a functional integral analysis.
The interest of such problem is in the possibility that the methods used to
get this result could be extended to other problems, where an exact solution
is missing, like in d > 1. A positive answer to this question was given in the
physical literature, by a clever combination of Ward identities and Dyson
equations in a Renormalization Group scheme, see refs. 8, 23, and in
particular.'®'” However the presence of cutoffs in all the models one is



Ward Identities and Vanishing of the Beta Function for d=1 147

interested in (the lattice or a non linear dispersion relation) breaks neces-
sarily the gauge invariance by adding corrections to the Ward identities,
which are neglected in the physical literature (they correspond to next to
leading corrections), but should be taken into account in a rigorous
approach. We have recently set up a formalism, see refs. 5 and 6, which
allows us to derive Ward identities rigorously and to obtain careful bounds
on the corrections; we used them to prove the vanishing of the density-
density critical index in the XYZ model, so proving also a conjecture in
ref. 24.

Encouraged by this result, we try to mimic the heuristic proof of the
vanishing of the Beta function, by taking into account the corrections due
to the cutoffs. We are indeed able to write a Dyson equation which takes
into account the effect of the ultraviolet cutoff, and we get careful (essen-
tially optimal) bounds on all the terms appearing in our Ward identity; a
brief description of these attempts is given in Section (3). It turns out that,
if one neglects the corrections due to the ultraviolet cutoffs, our Dyson
equation reduces to the one in ref. 19, used to deduce the vanishing of the
Beta function from dimensional arguments, that our analysis make rigor-
ous. Hence, if we could prove that such corrections are indeed negligible in
a suitable sense, we would get the expected result for our question.

However, this is not the case; we perform a rather detailed analysis of
the corrections and we conclude that they are not negligible, in the sense
that their presence prevents the possibility of proving the vanishing of the
Beta function. The only open possibility, as we think that our estimates for
the corrections can not be improved, is that it would be possible to make
the corrections negligible, by moving the ultraviolet cutoff to infinity and
by renormalizing the model, so that the effective interaction on momentum
scale 1 stays bounded. This conjecture is based on the remark that the
Ward identities are formally exact in the limiting theory (here the interac-
tion locality is essential) and on the fact that the conjecture has been
proved, at level of perturbation theory, in a similar problem."® To prove
this conjecture is not a simple task, as it is equivalent to study the ultra-
violet problem in a relativistic quantum field theory (the Thirring model)
and we did not yet face it seriously, but the analysis of Section 4 would
certainly be an essential step. This is why we decided to publish here at
least a sketch of our actual results.

We now give a brief outline of the following sections. In Section 2.1
we define precisely the Luttinger model with cutoff. In Section 2.2 we
describe the corresponding RG expansion for the Schwinger functions and
the definition of the Beta function; the main point in this section is equa-
tion (2.42) and the corresponding bound (2.43). The vanishing of Luttinger
Beta function is proved in Section 3, using the arguments discussed before.



148 Benfatto and Mastropietro

The gauge transformation and the corresponding Ward identities are dis-
cussed in Section 4.1, while the Dyson equation is described in Section 4.2.
The consequences of Ward identities and Dyson equation and their relation
with the main problem of this paper are briefly discussed in Section 4.3.
Some bounds used in this discussion are proved in the Appendix Al.

2. RENORMALIZATION GROUP ANALYSIS

2.1. The Model

We consider a one dimensional system of two kinds of fermions with
linear dispersion relation and interacting with a local potential. The pres-
ence of an ultraviolet and infrared cutoff makes the model not solvable; if
the cutoffs are removed and the local potential is replaced by a short-
ranged one the model coincides with the Luttinger model.

Given the interval [0, L], the inverse temperature  and the (large)
integer N, we introduce in 4 =[0, L]x [0, ] a lattice 4,, whose sites are
given by the space-time points x = (x, x,) = (na, nya,), a=L/N, a,= /N,
n,n,=0,1,., N—1. We also consider the set 2 of space-time momenta
k= (k, k), w1thk—2" (n+3) and ky =% (ny+3), n,n, =0, 1,..., N—1. With
each k € 2 we associate four Grassmaman variables l//[h 0io ,o,0€e{+,—},
where / is a negative integer related with the infrared cutoff, see below. The
lattice Ay is introduced only for technical reasons, so that the number of
Grassmann variables is finite, and eventually the limit N — oo is taken (and
it is trivial, see refs. 5). Then we define the functional integration | 2y
as the linear functional on the Grassmann algebra generated by the
variables l//[" 91¢ ' such that, given a monomial Q(lﬁ) in the variables l//[h e
its value is 0, except in the case Q) = [Ticow=+ l//[h 01- l//[" 9% "up to a
permutation of the variables. In this case the value of the functlonal is
determined, by using the anticommuting properties of the variables, by
[ 2y Q@) =1. We also define the Grassmanian field on the lattice Ay
as

1 -
y 010=Lﬂ Y eyl xedy. 2.1
ke

Note that [ %1” is antiperiodic both in time and space variables.
The Schwinger functions are defined by

[ Py e OO T Yl
[ (™) A )

, @22

S(Xb g1, wls; Xs: O, ws) =
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where
V™) = 4 [ dx R gy y 0 2.3)

and

P(dl//[h’ 0]) — M—Igw[h, 0]

-CXP{ Lﬂ Z z Ch O(k)(—lk +60k) lP[h 01+ 7 [A, 0]_},

=+1 ke2

24

with A" =TTyco [(LB) 2 (—ki—k*) C; o(k)*] and [ dx is a shorthand for
“aay Yxc4y-” The function C, (k) acts as an ultraviolet and infrared
cutoff and it is defined in the following way. We introduce a positive
number y > 1 and a positive function y,(¢) e C*(R,) such that

1 if 0<z<1,

X‘)(t):{o i 129 1<70 <7, 25)
and we define, for any integer j <0,
fi®) = xo(r 7 KD — 20 (7" [K]). (2.6)
Finally we define
0
Xno(K) =[Cyo(k)] ™' = Z,h Ji(K), 2.7

so that [C,,(k)]™" is a smooth function with support in the interval
{y" ' <|k| <y}, equal to 1 in the interval {y"<|k|<1}. In the following
the ultraviolet cutoff is supposed fixed, while the infrared cutoff is
supposed to vary and at the end we are interested in the limit 2 - — oco.

2.2. The Tree Expansion

We call y"- %1 simply y and we introduce the generating functional
W (¢, J) =log f P(d) eV OHE I bl st bl abiatbiatinl (2.8)

The variables ¢7 , are antiperiodic in x, and x and anticommuting with
themselves and y§ ,, while the variables J, , are periodic and commuting



150 Benfatto and Mastropietro

with themselves and all the other variables. The Schwinger functions can be
obtained by functional derivatives of (2.8); for instance

a 2
2,1 .
Gw (Xa Y, Z) a] a¢ a¢z " W(¢9 J)|¢=J=05 (29)
2 62
G, (y, Z)ZWW((IJ)’ Dlp-s-05 (2.10)
0* 0*

Gi(xl,XZaxsaxﬂz W (9, J)|¢=J=0- (2.11)

0030 00,0 083, —0 09, o

The functional integration of the generating functional (2.8) can be
performed iteratively in the following way. We prove by induction that, for
any negative j, there are a constant E;, a positive function Zj(k) and func-
tionals ¥"” and £ such that

oV 6D _ o LBE; f Py o (dy™)e OS2+ 8z 40 (2.12)

Zj,Ch,j

where:

1) P Ch](dt//[h ’]) is the effective Grassmanian measure at scale j,
equal to, if Z = max, Z, 2(k),

) dl/;][(h.j])+ dlpl[(h’j]_
P; o (dy™)= ko “Vko
4 hs k: c,,,lj_(!() >0 w1=_[+1 H;(k)

~exp{ 5L G20 T FE 0,00 i }

(2.13)
Hj(k) = (L)™' C, (k) Z,(K)[ —k§ —k*1'/?, (2.14)
G,k = Z]: Fr(K) i ;(K),  D,(K) = —iky+ wk; (2.15)

(2) the effective potential on scale j, ¥" (), is a sum of monomial of
Grassman variables multiplied by suitable kernels, i.e., it is of the form

1 2n
V(])(‘ﬁ)_ Z (L,B)Z" . zk I:I ‘pk w,Wgt)w(kl"-'a Ky, 1) 5(2:1 Uiki>,

oo (2.16)

where g, =+ fori=1,...,n,0,=—fori=n+1,..., 2n and @ = (w,..., ©,,);
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(3) the effective source term at scale j, BY(/Z; y, ¢, J), is a sum of
monomials of grassman variables and ¢ *, J field, with at least one ¢* or
one J field; we shall write it in the form

BIYNSZ W, 6, T) =B (JZ, )+ BV Z, W+AW L Z 0. 6, T),

2.17)

where 25 () and 2% () denote the sums over the terms containing only
one ¢ or J field, respectively.
Of course (2.12) is true for j =0, with

Zyk)=1, E,=0, vOW)=V({y), WP=0,

(2.18)
BPW) =Y [ X[t ro+Viubi,] BPW =Y [dx I W05

Let us now assume that (2.12) is satisfied for a certain j < 0 and let us show
that it holds also with j—1 in place of j.

In order to perform the integration corresponding to Y, we write the
effective potential and the effective source as sum of two terms, according
to the following rules.

We split the effective potential " as L¢P+ Ry 0, where # =
1—% and &, the localization operator, is a linear operator on functions of
the form (2.16), defined in the following way by its action on the kernels

(1) If 2n=4, then
W, ko, k) =W (kKo k), (2.19)
where k,, = (7nL ™", y'nf"). Note that ZW ), (k,, ky, ky) = 0,if 3F_; o, #0,
by simple symmetry considerations.
(2) If 2n=2 (in this case there is a non zero contribution only if

W, = m,)

gvffg{;,(k)% Z:i W, (k, ){1+n§+n’§ko}. (2.20)

(3) In all the other cases

gng)w(kls"-a k1) =0. (2.21)
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These definitions are such that #*= %, a property which plays an
important role in the analysis of ref. 5. Moreover, by using the symmetries
of the model, it is easy to see that

Ly OY") =z, FA 4+ q, F 0+ [ FPY, (2.22)

where z;, a;, and /; are real numbers and

il _ o

B
* o (LB) k: ), 1K) >0 " ¢

- z ,wj dx Y1+ - (2.23)

) 1 Ay L Ars s
Firil — Z (—ik )w[h,1]+ [h,j1-
3 0 k, K,
® (Lﬁ) k: Cj, j(K)>0 @ @

=_zj dx Y gyt (2.24)

1
(Lﬁ)4 Kki,..., kg Z;h,j(ki) >0

FE"’j]= lp[h]]'*'l//[h]] w[h]]+¢[h]] ok, =k, +k; —k,).

(2.25)

0, and 0, are defined in an obvious way, so that the second equality in
(2.23) and (2.24) is satisfied; if N = oo they are simply the partial derivative
with respect to x and x,. Note that ¥ @ =" © hence [, = 1, a, =z, = 0.

Analogously we write Y = B9+ BB, #=1—, according to
the following definition. First of all, we put ZW =W . Let us consider
now @5")(\/2]- ). It is easy to see that the field J is equivalent, from the
point of view of dimensional considerations, to two y fields. Hence, the
only terms which need a renormalized are those of second order in ,
which are indeed marginal. We shall use for them the definition

BIV(JZ ) =Y, [dxdydzB, 5(x, ¥, 2) I (/205072 ¥70)

d dk - “
=3 [ T B a0 K IDZ Ui ), V).
21 Gy o) oo

We regularize #? (\/Z ), in analogy to what we did for the effec-
tive potential, by decomposing it as the sum of L#%?(/Z; ¢) and
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RBVP(/Z; ), where & is defined through its action on B, (p, k) in the
following way:

ZB,,0.K) =1 Y B, s, k) (2.27)

oy =x1

where IE,,, was defined above and p,, = (0, 271’/ ). In the limit L = = o0
it reduces simply to ZB, v (P, K) =B, 5(0,0).

This definition apparently implies that we have to introduce two new
renormalization constants. However, one can easily show that, in the limit
L, - o0, l:?w’ _»(0,0) =0, while, at finite L and f, #B,, _, behaves as an
irrelevant term, see ref. 5.

The previous considerations imply that we can write

@
L8920 =Y D [dx 1BV Z ), 228)

which defines the renormalization constant Z?.

Finally we have to define % for #%(\/Z; y); we want to show that,
by a suitable choice of the localization procedure, if j< —1, it can be
written in the form

2972 0= 3 [ axay

o i=j+1

|: xa)gw

+a¢—

00 (y—x) ¢]

+X [ & s LR 0470 G+ 62,047 () B,
(2.29)

where g2 @ (k) = g% (k) 0¥ (k) and Q9 (k) is defined inductively by the
relations

Qgp(k):ng“)(k)—zjszw(k)i £20(k), Q00K =1. (2.30)

The & operation for Y is defined by decomposing ¥" in the r.h.s. of
(2.30) as v D4Ry D, LD being defined by (2.22).
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After writing v 9= v D4+ Ry D and B9 = LB+ RBY, the
next step is to renormalize the free measure Py c, (dy™7), by adding to it
part of the r.h.s. of (2.22). We get

fPZ . (dl//[h’j]) e_,f(j)(\/z*]_l/,[h,j])+g(j)(\/§j,,,[h,j])
j» “h, j
. n _g (D) ~ il 7 ALY
= e [ Py, (dy ) e WVEVEDAOSZNED (331

where
Z,_ (k) = Z,K)[1+ 1K) 2], (2.32)
77(1')( /Zj lp[h,j]) — n//(j)( /Zj lﬁ[h’j]) _Zij [th,i] +F£h,i]]’ (2.33)

and the factor exp(—LJft;) in (2.31) takes into account the different nor-
malization of the two measures. Moreover

@(i)( /Zj lﬁ[h’j]) — g};j)( /Zj w[h,j])_,_g(/)( /Zj lﬂ[h’j])+W§{), (2.34)

where £ is obtained from %’ by inserting (2.33) in the second line of
(2.29) and by absorbing the terms proportional to z; in the terms in the
third line of (2.29).

If j > A, the r.h.s of (2.31) can be written as

o LB f Py, (1) f Py 7 ()
L e SN AV (2.35)
where P, | 71 (dy?) is the integration with propagator

oL T®
ggu)(k)_zj_l Dm(k)a

(2.36)

with f;(k) = f;(k) Z,_;[Z,_,(k)]~". Note that §’(k) does not depend on
the infrared cutoff for j># and that (even for j=h) (k) is of size
Z;!y7. Moreover the propagator §2 (k) is equivalent to g% (k), as con-
cerns the dimensional bounds.

We now rescale the field so that

417(1‘)( /Zj lﬁ[h’j]) — nﬁ(j)( /Zj,l l/,[h,j])’
e@(i)( /Zj l/,[h,j]) — .@(j)( /Zj,l l/,[h,j]);

(2.37)
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it follows that
LV Oty =g FhI 4 ) FiI (2.38)
where §, = (Z,Z;!,)(a;—z;) and A, = (Z,Z;,)* I,. If we now define

ein,/u—l)/Zj(wth.j—ll)+ﬂ(j—l)(ﬁl,,[h'j—ll),LﬁE]_
; _p W /7, rythi=11 4y 20 [z, ryhi-1 4D
=JPZ,-71,f;1(dW(”)e «/Z; 1y + P +39/Z 1y D (2.39)

it is easy to see that ¥"U~D and #Y~D are of the same form of ¥"” and #V
and that the procedure can be iterated. We call the set #; = (4;, ;) the
running coupling constants on scale j. Note that the above procedure allows,
in particular, to write the running coupling constants #;, 0 < j < A, in terms

of 5,,0>j > j+1:
b= BP@ 4155 o)y Bo=(4,0). (2.40)

The function f® (%, ,..., %) is called the Beta function. By the remark
above on the independence of scale j propagators of 4 for j> A, it is inde-
pendent of 4, for j > hA.

At the end of the iterative integration procedure, we get

W(p,J)=—LBE, s+ Y  Siwe.($,J), (2.41)
m¢+nJ>1

where E; ; is the free energy and S g’,’,,% (¢, J) are suitable functional, which

can be expanded, as well as E; 4, the effective potentials and the various
terms in the r.h.s. of (2.17) and (2.16), in terms of trees (for an updated
introduction to trees formalism see also ref. 11). This expansion, which is
indeed a finite sum for finite values of N, L, f, is explained in detail in
refs. 4 and 5, which we shall refer to often in the following.

Let us consider the family of all trees which can be constructed by
joining a point r, the root, with an ordered set of n > 1 points, the endpoints
of the unlabeled tree, so that r is not a branching point. Two unlabeled
trees are identified if they can be superposed by a suitable continuous
deformation, so that the endpoints with the same index coincide.

n will be called the order of the unlabeled tree and the branching
points will be called the non trivial vertices. The unlabeled trees are partially
ordered from the root to the endpoints in the natural way; we shall use the
symbol < to denote the partial order.

We shall consider also the labelled trees (to be called simply trees in
the following), see Fig. 1; they are defined by associating some labels with
the unlabeled trees, as explained in the following items.
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joojr1 R 10 +1
Fig. 1. A labelled tree.

(1) We associate a label j <0 with the root and we denote J;, the
corresponding set of labelled trees with n endpoints. Moreover, we intro-
duce a family of vertical lines, labelled by an integer taking values in [, 1],
and we represent any tree 7€ 7, , so that, if v is an endpoint or a non
trivial vertex, it is contained in a vertical line with index 4, > j, to be called
the scale of v, while the root is on the line with index j. There is the con-
straint that, if v is an endpoint, 4, > j+ 1.

The tree will intersect in general the vertical lines in set of points dif-
ferent from the root, the endpoints and the non trivial vertices; these points
will be called trivial vertices. The set of the vertices of 7 will be the union of
the endpoints, the trivial vertices and the non trivial vertices. The definition
of A, is extended in an obvious way to the trivial vertices and the endpoints.

Note that, if v; and v, are two vertices and v, <uv,, then A, <h,,.
Moreover, there is only one vertex immediately following the root, which
will be denoted v, and can not be an endpoint; its scale is j+ 1.

(2) There are two kind of endpoints, normal and special.

With each normal endpoint v of scale /, we associate one of the two
local terms contributing to £ ¥ ®)(yy*=11) in the r.h.s. of (2.38) and one
space-time point x,. We shall say that the endpoint is of type J or A, with
an obvious correspondence with the two terms. Note that there is no end-
point of type 0, if A, = +1.

There are two types of special endpoints, to be called of type ¢ and J;
the first one is associated with the terms in the third line of (2.30), the
second one with the terms in the r.h.s. of (2.28). Given v € 7, we shall call
n? and n/ the number of endpoints of type ¢ and J following v in the tree,
while n, will denote the number of normal endpoints following v.
Analogously, given 7, we shall call n? and n! the number of endpoint of
type ¢ and J, while n, will denote the number of normal endpoints. Finally,
T wntw Will denote the set of trees belonging to Z;, with n normal

Jsn,m j.n
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endpoints, n* endpoints of type ¢ and n’ endpoints of type J. Given a
vertex v, which is not an endpoint, x, will denote the family of all space-
time points associated with one of the endpoints following v.

(3) There is an important constraint on the scale indices of the end-
points. In fact, if v is an endpoint normal or of type J, A, =h,+1, if v’ is
the non trivial vertex immediately preceding v. This constraint takes into
account the fact that at least one of the i fields associated with an end-
point normal or of type J has to be contracted in a propagator of scale 4,,
as a consequence of our definitions.

On the contrary, if v is an endpoint of type ¢, we shall only impose the
condition that A, > h, + 1. In this case the only s field associated with v is
contracted in a propagator of scale 4, — 1, instead of 4.

(4) If v is not an endpoint, the cluster L, with frequency 4, is the set
of endpoints following the vertex v; if v is an endpoint, it is itself a (zrivial)
cluster. The tree provides an organization of endpoints into a hierarchy of
clusters.

(5) We associate with any vertex v of the tree a set P,, the external
fields of v. The set P, includes both the field variables of type iy which
belong to one of the endpoints following v and are not yet contracted at
scale A, (in the iterative integration procedure), to be called normal external
fields, and those which belong to an endpoint normal or of type J and are
contracted with a field variable belonging to an endpoint # of type ¢
through a propagator g2 * Y, to be called special external fields of v.

These subsets must satisfy various constraints. First of all, if v is not
an endpoint and v,,..., v, are the s, vertices immediately following it, then
P, |, P,. We shall denote Q, the intersection of P, and P,; this defini-
tion implies that P, =(); Q,. The subsets P, \Q,, whose union will be
made, by definition, of the internal fields of v, have to be non empty, if
s, > 1, that is if v is a non trivial vertex.

Moreover, if the set P, contains only special external fields, that is if
|P,| = n®, and ¥, is the vertex immediately following v,, then [P, | < |Pyl-

We can write

© -1

SR N=Y ¥ Y ¥ [dx

n=0 jo=h—1 1€ nomdr/ @
IPyy | =2m?

2m? n'
X l_[ ¢Z:,w,- I_I Jx2m¢+,, m2m¢+,S2m¢, nJ, r,(g(x)’ (242)
r=1

i=1
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where @ = @ = {®y,..., Oyt 7} X = {Xy,ee Xppt ., } and o, = + if i is odd,
o, = — if i is even. Moreover, the kernels S,,¢ 7 . ,(X) are suitable func-
tions, whose explicit expression can be found in ref. 5 in the case m?=0
and can be easily extended to the general case; the case m?=1, n’ =0 is
considered in detail in ref. 4. We shall not report it here, but we only
remark that the kernels satisfy the following dimensional bound:

—h;

4

[ % 1S3 (B < LB(CEY" o2 4mtn" H L Z)"

<

"’ zy Z, \IPl2
M7= 11 <Z—h”) yhQ43)
= hy—1

E, vnote.p

where &=max,; ||, #; is the scale of the propagator linking the ith
endpoint of type ¢ to the tree, 4, is the scale of the rth endpoint of type J
and

d,=—=2+|P,|/2+n] +3(P), (2.44)
with
z(P) if n*<1, n/=0,
Z(P)=«1 if n?=0, n/=1, |P|=2, (2.45)
0 otherwise

and z(P,) =11if |P,| =4, z(P,) = 2 if |P,| =2 and zero otherwise.

From the above bound we can easily get the asymptotic behaviour of
the Schwinger functions we are interested in. In fact the Schwinger func-
tions are simply related to the kernels of the functionals S$ ,/(¢, J) and
(2.43) allows to get an expansion for them. For example, Gw(XI,XZ) is
equal to the sum over the terms in the r.h.s. of (2.43) with m?*=1, n’ =0
and @ = (w, ), while G%'(x;y, z) is obtained by selecting the terms with
m?=1,n’ =1 and v = (v, w, w). Hence, the bound (2.43) is sufficient to
get a bound for the Schwinger functions Fourier transforms, if & is small
enough, because, by translation invariance, the Fourier transform of
Somé n’ 2 »(X) is bounded by (L/f)“jd)_( [S2m# n? = (X)|. We only have to
sum over 7 the r.h.s. of (2.43) (without the Lf factor), by using the tech-
niques described in detail in ref. 5. The main point is to control the sums
over the sets P, and the scale indices %,, for fixed values of the external
propagators scale indices 4;, which are determined up to one unit by the
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external momenta. Hence, if all the “vertex dimensions” d, were greater
than 0, one would get a dimensional bound of the type

(=24+m?+n”) y Z(Z)
C —Jo(=2+m"+n 2.46
cor 3 M1 .40

Jo=h

where 7 is the minimal order in A of the graphs contributing to the
Schwinger function and / is an upper bound on the scale of the tree lower
vertex v,, which depends on the external momenta.

However, it is not true that, given 7, d, > 0 for all non trivial v € 7; in
fact d, =0, if |P,|=2 and n’ =n! =1 or n¥ =2, n/ =0. This implies that
the sum over the scale indices of some special paths on the tree can produce
a result different from the “trivial one,” leading to (2.46). Hence, in order
to get the right bound, one has to analyse case by case the constraints on
the endpoint scale indices, related to the support properties of the single
scale propagators and the fact that the ¢ and J momenta are fixed.

3. VANISHING OF LUTTINGER BETA FUNCTION

3.1. Vanishing of Beta Function and Smallness of Running Coupling
Constants

In the previous section we have defined, for each fixed 2 <0, an
expansion of the Schwinger functions for the model with infrared cutoff y”,
in terms of the running coupling constants {7, },<;<; if £=max,;, 7] is
small enough, such expansion is convergent. Moreover, it is easy to see that
all results are true even if we add to the interaction (2.3) a term J§,F**!
(see (2.23)), with J, of order A. In fact, we never used the fact that
oy =Jd, =0 in an essential way and the introduction of this term has the
physical meaning of a small change in the free Fermi velocity (which we
put equal to 1, for simplicity).

The fact that &= max,_;, |U;| can be chosen small with 4 is a conse-
quence of the following remarkable property, to be proved in Section 3.3.

Theorem 3.1. There are &, > 0 and #' < 1, such that, for any j <0,
if |7] < &:
|ﬂj,l(59"" E)l < C |UI2 y”,ja |ﬁj,6(55--', 5)| S C Ii;l2 ynlj9 0 < '7, < 19 (31)

where ﬁj = (B 1> B ) 1s defined as in (2.41), with A = —
The above property is usually called ““vanishing of the Beta function,”
and it is an highly non trivial statement. In fact each order of the expansion
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for B;(#.,..., ¥) is given by a sum of Feynman graphs having a non-vanishing
limit as j—» —oo. What (3.1) says is that there are cancellations among
Feynman graphs so that the sum is O(y"7). Of course it is easy to check this
cancellation at the second order by an explicit computation; at the third
order, to see the cancellation is already quite cumbersome and we think
that it is essentially impossible to check it at every order in the expansion.
Hence we prove (3.1) by using the exact solution of the Luttinger model,
following the strategy first proposed in ref. 2. As we said in the introduc-
tion, the interest of (3.1) is that it can be used in the analysis of many dif-
ferent models, like spin chain or coupled Ising models, for which an exact
solution is not available, at least for the correlation functions.

An immediate consequence of (3.1) is the following lemma, see also
ref. 5.

Lemma 3.1. If (3.1) holds and A is small enough, then, for any
infrared cutoff scale 4 and any j > &, & = max;, ., |1;| < C |A].

Proof. Note first that, by the compact support properties of the
propagator, §; = ", for any h < j. Hence, for any fixed j, by taking the
infrared cutoff scale / smaller than j— 1, we can write

0
U =0+B,B.. )+ Y, D (3.2)
k=j+1

where

D; , = B(D;,..., U}, Uy, Ugp1s---5 Uo) = Br(sens U, U, Vg5 Bp)- - (3.3)

On the other hand, it is easy to see that f)j’ « admits a tree expansion similar
to that of f,(#,..., 9;), with the property that all trees giving a non zero
contribution must have an endpoint of scale k+ 1, associated with a differ-
ence A, — A; or 6, —dJ;. Moreover, it is easy to see that our expansion has the
property that the trees with root of scale j, containing an endpoint of scale
i, are damped by a factor "~ for some positive constant #; hence

D) il < Cay™ 7 |5, — 5. 34

We want now to show that there exists a constant ¢,, such that,
uniformly in j,

[Beos =Tl <o 1AP29%, j<k<L (3.5
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with @ =min{x/2,#'}. In fact (3.5) is certainly verified for k=1 and, by
using (3.1), (3.2), and (3.9),

1 k
5,01 =B SCEyT 4+ Ceod Y,y ¥ b (3.6)
k=j+1 i=j+1
which immediately implies (3.5) with j — j—1, together with the condition
& < ¢, |4, for some constant ¢,, independent of j. ||
3.2. Comparison with the Luttinger Model Beta Function

Let us consider the Luttinger model with hamiltonian

H=H,+V, Hy=Y iw(1+5)rdx:n//;,xax¢;,x:,
0

w=+1

V—/ldeijd o(x—p) iyt Wi iE WD
=4, . y V) VWiV Vo y¥Wor,y o

(3.7)

where : : denotes the Wick ordering and v(x) is a smooth function of fast
decay. Note that we have eliminated the dependence on the Fermi momen-
tum p; by a trivial redefinition of the fermionic fields and we have put the
Fermi velocity equal to 1+4. Since the Fermi velocity has to be positive,
we shall suppose that |6] < 1/2.

The crucial property of such model is that it is exactly soluble (as it
was shown by Mattis and Lieb®) and its Schwinger functions can be
computed,® in the limit = co. In particular this is true for the two and
four point Schwinger functions; from Eq. (2.4) of ref. 3 (slightly modified
in order to take into account that the Fermi velocity is 1+ instead of 1) it
follows that, for any finite L and § = oo,

GiL(Xla Xy, X3, X;) = Gi’L(Xl —X,) G%L(X3 _X4)[eA(x1’X2’ XX 1], (3.9

where G:~ and G%* are defined analogously to (2.11) and (2.10), respec-
tively, and

A(X1, Xy, X3, X)) = F(X; —=X4) + F(X, —X3) — F(X; —X3) — F(X, —Xy),

39
F(x) = 2 y s(p) «(p) (1—e 2Pl (491D o5 py). (39

p>0
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with s(p) =sinh ¢(p), c(p)=coshd(p), w(p)=e*?, tanh2¢(p)=
—AB(p)[A6(p) +4n(1+5)] " and p = 2mn/ L, minteger. Note that (1+6) u(p)
> a, for some constant a > 0.

We consider now G%* for values X;, such that |X, —X;| < L/2 for all
couples (i, j); a convenient choice is

i1=(r:r)s i2=(_rsr)a i3=(_r: —7'), )_(4=(7', _r)a (310)
where 0 < r < L/4. One can immediately check that

A(ila )_(21 )_(39 )_(4)

=4I7T Z S(P)pC(P) [e—2ﬁpr(l+§)ﬂ(p) COS(Z \/Epr)_e—Zpr(l+6),u(p)]' (311)

p>0
It is then very easy to show that

GiL(ila )_(29 )_(37 )_(4)
GiH (% — %) G2H (% —Xy)

<e (3.12)

for some constant ¢, independent of L and J.

On the other hand we can compute the Schwinger functions of the
Luttinger model also by a Renormalization Group expansion, by taking
L < f (and at the end the limit § — oo is taken). We start from a generat-
ing functional like (2.8), with

VW) =4[ dxoe=y) Sxg=yo) VE U5 Us i+

+2 iwf?fdxrlﬁi,w OV w: (3.13)

and
P(dy) = N ' Dy exp { —Li Y Y (—iky+ k) &;w&;w}. (3.14)

We can write

P(dy) = P (dy™") P(dy*), (3.15)

where P, (dy/'") is given by (2.4) with h=h;, h; being the smallest 4 such
that #L~" is in the support of f,, while P,(dyy*">) has the same expression,
with 1-C, (k) in place of C, ,(k). The ultraviolet problem of the
Luttinger model was discussed in ref. 9, with a different choice of the cutoff
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function, but their results hold also with the present choice. The analysis of
ref. 9 implies that, if (, ¢) 3, j Ax[¢f Vs o Vi b0l

f Pi(dy>) e W+wd) = Eo+r Vw480 0) (3.16)

where E, is an analytic function of A and J, V©(i)*") can be written as
in (2.16), with kernels analytic in A and J, and #°(y/, #) has an expression
like (2.17) (with J = 0) and has similar analyticity properties. Moreover, all
the kernels have fast decaying properties on scale 0 (space-time distances of
order 1).

Let us now observe that we can write ¥ Q")+ B°W'"", ¢) as the
sum of a local part plus a remainder, which contains all possible “irrele-
vant” terms. Since the local part has the same structure as the local part of
the model studied in Section 2, with only different values of the running
coupling constants on scale 0, and the irrelevant terms are of the same type
of those produced in Section 2 by the first infrared integration, it is clear
that we can repeat the analysis done for the model (2.8) also for the Lut-
tinger model (note that the analysis was done with L, f finite; this will play
a crucial role in the following). Moreover, the arguments used in the proof
of Lemma 4.5 of ref. 5 allow us to prove, without any further subtle
problem, that adding irrelevant terms to the effective interaction on scale 0
has an exponentially small effect on scale j, for j > —oo. Hence, if we call
U7 = (47,67), 0= j > h,, the running coupling constants in the Luttinger
model at volume L, with #% = (J, 6), and /;’j(ﬁf,..., #¢) the Luttinger model
Beta function, the following Lemma can be proved.

Lemma 3.2. There are ¢, >0 and #' <1 (independent of L), such
that, given j<O0, ﬁj.(z';’f,..., #t) is an analytic function of his arguments
in the region &, =max,,;,, |17f| <¢g,, for some small ¢. Moreover, if
& =maxXgs,;; |17le

|B, (5., 55) — BL(TE,..., BE)| < CE2pm., (3.17)

3.3. Proof of Theorem 3.1

Lemma 3.2 implies that, if we prove (3.1) for the Luttinger model Beta
function, the same property holds for the model (2.8). In order to prove the
vanishing of the Beta function in the Luttinger model, we will use the
following bound, obtained through our Renormalization Group expansion.
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Lemma 3.3. Suppose that X;, X,, X5, X, are chosen as in (3.10), with
r such that y™™=r<L/4 and h,—h, =m, and that & <g,. Then, if
AL =max; . ., Mﬂ, there exists a constant a; > 0, independent of L, such
that

<coMEy, (3.18)

4Lz = = =
G717 (X, Xy, X3, Xy) 4L
AR AL m

GZH (%, —%,) GZ5 (%5 —X,)

for some constants ¢, and a,_, with |a, ;| = a;.

Proof. To start with, we want to prove that, if 4, = h; +m,
P
z;

yZh,

G‘-tL()_(la )_(29 )_(3: i4)_ifx,CL,r7: <C_OZLgL Z_za (319)
by

where ¢,  is a suitable constant, bounded away from 0, uniformly in L, for
any fixed m. We shall use the expansion described in Section 2, for which
the bound (2.43) was found. We have to modify such bound by taking into
account the fact that there is no integrations over the coordinates and that
all differences of the coordinates are of order y .

By using (2.42), we can write

) -1
GiL(Xlaizaib)_Q): z z Z G4,z()_(17)_(29i3’i4)

n=1 jo=hL—1 7€) nao0
1Pyl = 4
LLw) (s = = o
+GLE (X, %y, X3, Xy), (3.20)

where G, , =S, . (4.4 and G} is the contribution of the ultra-
violet scales (it is the kernel of a term of forth order in ¢ contributing to
#°0, ¢), see (3.16), which gives a negligible contribution for r — 0. We
shall divide the trees contributing to the first term in the r.h.s. of (3.20) in
two families, defined in terms of some properties of the four special end-
points of type ¢ associated with the four points X;.

Let us consider first the family 7 (" of trees with n endpoints sharing
the following properties.

(1) Ifv, i=1,..,4, are the four special endpoints, there are a per-
mutation (a, b, ¢, d) of (1,2, 3,4) and two vertices v,, and v, such that
Uy <U,, v, and v, <v,, v,

2 ifv<v,v,(v<v,v,) thenv<v, (v<vy,);

(3) if v, #v,, then the subtrees with root in the vertices (possibly
coinciding) immediately preceding v,, and v, are disjoint.
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These conditions essentially imply that v, is the higher vertex such
that x,, contains both x, and x,, but does not contain x, and x,; a similar
condition is valid for v.,. Moreover, there is a vertex 7, which is the higher
one preceding both v,, and v,,; note that, if v, =v,,, then t=v, =v,,.

By using the notation of ref. 5, Section 5, we call 7, = =Uso, Io T, the
subtree of the tree graph connecting the points in x,,; recall that x, is the
set of all vertices associated with the endpoints following v and that there is
a propagator of scale 4, associated with any line / € 7,. Proceeding as in
ref. 5, Section 5.9, we can extract from the propagators in f,ab a factor
smaller than nCy (1 +y"s |x, —x,|) ™", if n is the number of endpoints, since
there is in f" a path connecting X, with X,.

Note that here we are using the condition r < L/4, in order to be able
to substitute the distance on the torus (recall that we work with antiperio-
dic boundary conditions) with the Euclidean distance.

In a similar way, we can extract from the propagators in fvcd a factor
smaller nCy (1 + 7"« |x, —x,4|) ™. An analogous argument can be applied to
the the vertex 7, by choosing any couple of special endpoints (all distances
between the X, are of the same order y~); for example, we can extract a
factor nCy (149" |x,—x,|)~". If we take N = 1, the product of these three
factors is bounded by Cy~(a ~#)y =y =hrdy=(ha=hy)

The bound of G, .(X;, X,, X;, X,) will differ from the r.h.s. of (2.43),
because of this factor and because we have to do three integration less
(there are four fixed points, instead of one). Since the integrations leading
to (2.43) are done by using the decaying properties of the propagators
ass001ated with the lines of 7, , it is easy to see that we can choose the

vg 2
“missing integrations,” so that we gain a factor p*wa ¥+ Tt follows
that, if re 7P,

2

4 —h;

|Gy, (X1, Xp, X3, X < CY" 2 (CE)" ' ] == [I »7*
i=1 (Z ) vnote.p

. yZhva,, +2hy, +2hay —(hy,, _hL)y —(hy,, _hL)y —(hﬁ—hL)’ (3.21)

where we used also the fact that Z;/Z, ;| <1 (see ref. 5) and that there is at
least an endpoint of type A.

Note that, by (2.44), d, can be equal to 0 for all vertices belonging to
the paths €, and %,,, which connect # with v,, and v,,, respectively, while
d,>0in all other vertices. However,

y~ g ~hyChog=h) Ty~ = y=2h=h) ] 5~ (3.22)

vnote.p vnote.p
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with d, > 0 for all v € 7. Moreover, if v} is the vertex immediately preceding
v; (see item 3) after Fig. 1, we have

4 —;
2, + 2k, 4
e g sz H<
i=1,..,

1/2
> . (3.23)

,,,,,

By using that Z,/Z; < LU0 if j> i (see refs. 5), it follows that

z |G4,z()_(la)_(27 i37)_(4)|

a
ted,

0
< Z z |G4,r()_(17 )_(29 )_(3: )_(4)|

_ yzhy—3(h hr) _ yzh,
SCA(Ce)" ' ) —Zr—< ClL(CEL)"‘lzz. (3.24)
h=hy hy hy

A similar bound can be found for the second family 7@ = 7,\ 7 ¢
of trees contributing to the first term in the r.h.s. of (3.20). If t € 7 (2) , there
is a vertex v,,, which is the first vertex v € t such that the two pomts x, and
X, belong to x,,, and there is a vertex v,,, which is the first vertex ver
such that x,, contains x,, X;, and x,. One proceeds as in the prev1ous case,
by extracting from the propagators in Ta and in 7,, a term e ~Hogpe e =hoyy
which is sufficient to get again the bound (3.24); we omit the details. Hence
we get the bound (3.19), by extracting the terms of the first order in 1,; an
explicit calculation shows the constant c; ;, is bounded away from zero,
uniformly in L.

Let us now analyze the function G%*(x—y), appearing in the Lh.s. of
(3.18). By using (2.43) we find

0
1
GLi(x=y) = ) (=W +So(x=Y+G O (x—y), (329
h=hy Zn
where §% (k) = g®(K)[OP (k)12 see (2.31), G ™ (x—y) is the contribu-
tion of the ultraviolet scales, which gives a negligible contribution for
|x —y| = o0, and

00 -1
Se(x=y)=% Y Y S..&x-y (3.26)
n=1 jo=h —1 €T} n20
Pyl =2

where S‘r, w(x - y) = SZ, 0, 7, (0, @) (X, y)
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We shall proceed as in the proof of (3.19). Let 7, the set of trees with
n endpoints contributing to the r.h.s. of (3.26). leen t€J,, there is a
vertex 7, which is the higher one, such that x and y both belong to x,;, and
we can extract from the propagators in 7, a factor nCy(1+y" [x—y|)~ .
Hence, we can bound |S, ,| with an expression which differs from the r.h.s.
of (2.43) because of this factor and because we have to do an integration
less, which gives a factor y*». It follows that, if r=x—y = (0, 2r), with
r=7"", and we choose N =2,

2 —h

IS, o (X—¥)| < CyPy™(Cgp)" yoy—2te—he) 1T »* @327

i= I(Z )1/2 vnote.p

Note that, by (2.44), d, can be equal to 0 for all vertices belonging to
the path % connecting & with the root. However,

y e TT y%= ] y%, (3.28)

vnote.p vnote.p

with d, > 0 for all v € 7. Hence, if we use the analogous of bound (3.23) for
summing over the scales of the two endpoints of type ¢ associated with the
points x and y, we get the bound

0

1€, h=hy teJy:hz=h
h

(3.29)

This bound, (3.25) and an explicit calculation of the first term in the
r.h.s of (3.25) imply that, if 4, =k, +m,

GEH@r)—w b, ,| < CF, (3.30)

where b is a suitable constant, bounded away from 0, uniformly in L, for
any fixed m.
The bound (3.18) is a simple consequence of the bounds (3.19) and

(3.30). 1

We want now to show, by using Lemma 3.3, that the running coupling
constants of the infinite volume Luttinger model are well defined and of
order A, up to h=—oco. Let us define ¥, =77, & =max;,; <, |7l ij
max; ;<o |4l (5 =max; <, |6;|. We shall prove the following Lemma.
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Lemma 3.4. There are constants &, ¢,, and ¢; such that
|7, < & 31 < c,8, 5]. <, Vji<O. (3.3

Proof. 1In order to prove (3.31), we shall proceed by contradiction.
To begin with, we suppose that there exists a j < 0 such that

i]+1 < 68 <Al < 208 < &, |51| < 038 < &, (3.32)

&, being defined as in Lemma 3.2, and we prove that this is not possible, if
&, ¢, and ¢, are suitably chosen.

Let us consider the Luttinger model at finite volume L, such that
h;, = j—m and m is a fixed integer, independent of L, such that y7 < L/4.
The arguments used in the proof of Lemma 4.5 of ref. 5 and a rough bound
on the difference between the infinite and finite volume propagators allow
us to prove that there is £ < ¢, such that, if &, = max, _, ., max{|3|, |3]|} <&,
then

-l < CA,HE,WL h, <i <0, (3.33)

where 1, = max, _, ., max{|4, |/1L|} &, =max, ., ., max{|7], |57|}. We omit
the details, which can be found in ref. 7, and are indeed very simple, once
Lemma 4.5 of ref. 5 is understood.

Then, since |-, —5F| and |,_, — ;| are of order & and  is a fixed
number, it is very easy to prove, by an iterative argument, that the #* for
h; <i<0 and the 7, for i, <i < j are well defined, if the conditions (3.32)
are satisfied, with any fixed values of ¢, and ¢; and ¢ small enough;
moreover

|,1,.L—Ai|<%gl, 5| < Bey+2¢5) &, b <i<0.  (3.34)

On the other hand, by using (3.18), with r =y =y *" and (3.12), we get

1271<a,™" [eo( max IﬂLI)( max |5L|)+61 1411, (3.35)

L <i<o0
which implies, together with (3.34), that

|l| 81+a [Co(3cz+2c3) 81+0131] 8, (3.36)

in contradiction with (3.32), if, for example, ¢, = 4¢, /a,, and ¢,(3¢c, +2¢;)? &, /
¢ <1
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Note that the previous argument is valid also if we substitute in (3.32)
the condition 5_]- < ¢3¢, with &, i1 S8 < 5]- < 2¢,¢. It follows that, in order
to complete the proof of (3 31), we only have to prove that there is a
contradiction in the hypothesis

A L 08 < &, 01 < €38 <0, < 2¢38, < &. (3.37)

This result will be achieved by comparing the #; of the Luttinger model, for
h<i<0, with the running coupling constants # the model with free
measure (2.4) and interaction

;Lojdxw[h O T 0= T O [ 0= 5 3 ledxw[h 0+ g yhol-
o (3.38)

In fact, the analysis of ref. 9 implies that |7y| <2 |7,| < 2¢, if & is small
enough, while the fact that the beta functions of the two models differ only
because of the irrelevant terms on scale 0 implies that # is well defined for
h<i<0, if the conditions (3.37) are verified with ¢ small enough, and
5, — 5| < C,&}/*. Hence, it is easy to see that, to find a contradiction with
(3.37), it is sufﬁc1ent to prove that there is a constant ¢;, such that

AP <2c,8 < g, o <& =01 <38 /2. (3.39)

In order to prove (3.39), we shall use the approximate gauge
invariance of the model (3.38)-(2.4). In fact, by proceeding as in the proof
of eq. (7.27) of ref. 5, which we refer to for definitions, it is possible to
derive the following Ward identity, up to terms of the second order in the
momenta:

0=—wdp—2),(k—p)+2, ,(k)
+[—ipo+@(1+68,) P11}, 0. 0P K) + 4, (P, K). (3.40)

Note that in ref. 5, the term proportional to J, in (3.38) was included in the
free measure, hence §, does not appear in the Ward identity, as well as the
term of the second order in the momenta, which we did not write explicitly
in (3.40), since we shall use it only at zero momenta. In any case, the
arguments sketched in ref. 5 and fully developed in ref. 6 allow to prove
that

Zi‘h, w(pa k)

<eyZ®. 3.41
‘(_iP0+CUP) e G40
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Let us define

5 azhw

)
Z5h=a) ho

(0,0=i 2.0, 0), z,,_1+162;“(0 0). (3.42)

The analysis of ref. 5 implies that

Zh
Zp

-1 ‘ <cshy,  |0,— 0P| < sl (3.43)

On the other hand, if we put in (3.40) p, =0 and take the limit p — 0, we
get

) . 4, k
0=—wd, +aa;')’“’ K)+w(1+dy) I}, 4 (0, k) +1im % (3.44)
p—0

while, if we put in (3.40) p = 0 and take the limit p, — 0, we find

53 A4, .0 k
O 71 h [ (k) 1—;[ o w(o k)+ 1 h,w((. s pO)a ). (345)
dpy, P00 ip
It follows that
X . 4, 0), 0 4, (0
2.5,—6,) = —wlim el 0 45 fim el )) 5 46
p—0 P p0—0 1Py

implying, together with (3.41) and (3.43), that there exists a constant c;,
such that

C
oPI<Ze. 1 (3.47)

Lemma 3.4 implies the vanishing of the Luttinger model Beta function
in the form

B (5, B S C Y2 9%, IRl 5(@5.., BDIS CIBH2 9%, 0<O<]1,
(3.48)

which is what we need to complete the proof of Theorem (3.1). The proof
is again by contradiction; assume that, for some r > 2

BL(T",..., 55) = b,(BE) + O((FE)™), (3.49)



Ward Identities and Vanishing of the Beta Function for d=1 171

with b, a non vanishing constant. By Lemma 3.4 and Lemma 3.2 the
running coupling constants ﬁ’f are analytic functions of #;

=5+ Y @) +0(E) ) (3.50)

n=2

and for any fixed j the sequence ¢} is a bounded sequence. Inserting (3.50)
in the analogous of (3.2) we find

Y eIP@) = Z D@+ Z Z d} (T7)" (3.51)
n=2 n=2 k=j+1 n=3
where 3/, _5 d’ .(57)" represents the Taylor expansion of D; ; up to order r,
and from (3. 4)

@54 <y7IC sup el =P, (3.52)

2<m<n—1

Hence, inserting (3.52) in (3.51) we find

0
|c£lj71) _Cﬁj)l <C” Z y—rl(k—j) sup |C£,{) —cgf)l (353)

k=j+1 2<m<n—1

which, if lim;, _, ¢’ =¢,, easily implies (by induction) that |c/™" —c,| <
C"y"%, for 2<n<r—1. This means that |d7,|<y"”¥C" so that
™ =0 4 b, +0(y’7/ 4) is necessarily a diverging sequence, and this is a

contradiction.

4. WARD IDENTITIES AND DYSON EQUATION
4.1. Ward Identities

In the previous section we have proved the vanishing of the Beta
function by using the exact solution of the Luttinger model. A very natural
question is if it is possible to derive the same results directly in the frame-
work of functional integration. As we said in the introduction, (3.1) is
believed in the physical literature to follow from a set of Ward identities
and Dyson equations. We derive rigorously such equations, but a consis-
tent treatment of the cutoffs produces corrections to them which must be
taken into account.

For technical reasons, which are explained in detail in ref. 6, one has
to slightly modify the model described in Section 2.1 by substituting the
function [C,,(k)]™" by a function [Cj o(k)]™', depending on a small
parameter ¢, which is equivalent as far the scaling properties of the theory
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are concerned, but is different from 0 for all allowed values of k. This
parameter has no essential role, since all bounds are uniform in it and one
can take, at the end, the limit ¢ > 0. Moreover, in this section we will only
summarize our results, hence we will ignore this problem in the following.

By performing in (2.8) the gauge transformation Y7 5 — ey ; and
Vi _s = Vs _s on the field with w = @ (only), deriving W1th respect to a, ;
and by putting «, ; =0, we get

! MR/ + - + -
s | PO~ D s ) +0T, o= bW b

where Z(¢, J) = exp{ —# (¢, J)},

Dw(‘/’:{,m‘/’;,m) Z D (p) eitpxwk m¢k+p > (42)

(Llf)2
D,(p) = —ip, + wp and

1 b A ~
51; o = 77 a2 el(k K )xcs(k+7 k_) l/I++ wlljif °N (43)
' (Lp)? k*zae:k‘ etk

C.(k", k) =[C} o(k")—1]1D,(k")—[C} o(k")—1] D,(k"). (4.4)
In (4.2) (and always in the following) p = (p, p,) is summed over momenta

of the form (2zn/L, 2nm/ ), with n, m integers.
By deriving the r.h.s. of (4.1) with respect to ¢; ; and ¢, , and then

, W

putting the external fields equal to 0, we obtain, in Fourier space, if p#O0,

G2 (k—p)—G%(k)

G2 (p, k) = +H%'(p, k), 4.5
(p, k) D.(p) (p, k) 4.5)
where H2'(p, k) is the Fourier transform of
T T @6)
[ ] y; aJ a¢ a¢_ ¢=J=0> .

with
W,($,J) = logjp(dlp) PRSI L EE ST PR A A | @.7)

1 i —k7)x C,(k* k- )

Lo=gpr L ¢ paer oy i @9
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Analogously by performing fourth derivatives with respect to the ¢
fields

GA:‘L;I(pa kla k2a k3) = Dw(p)71 [éfo(kl —DP, k29 k3)_G:;(k1a k2 +p: k3)]
+H:;1(p9 kl’ k25 k3)9 (49)
where H*'(p; ki, k,, k;) is the Fourier transform of
5 02 02

Hz;l(x; X1, X5, X39X4) a¢ a¢_ a¢+ a¢_ %(¢, J)|¢=J=0'
X1, @ X3, @ X3, — X4, —@ (410)

The Ward identities (4.5) and (4.9) without the terms H>' and H*'
(which we can prove are non vanishing) are usually derived in the physical
literature by various formal arguments, see for example refs. 8, 19, and 23.
Indeed, if one removes the infrared cutoff (by putting # = —o0) and neglects
the correction terms H>' and H*', the identities (4.5), (4.9), (4.15), and
(4.16) are the analogue, respectively, of Egs. (3.9), (3.39), Figs. 8 and 9 of
ref. 19, from which the vanishing of the density-density critical index and
of the Beta function is claimed to follow.

4.2. Dyson Equation

It is possible to derive a Dyson equation which, combined with the
second Ward identity, gives a relation between G*, G?, and G*'.

By (2.11), if Z={ P(dy) exp{—V ()} and {-) denotes the expecta-
tion with respect to Z~' | P(dy) exp{ —V ()},

Gi(xla Xy, X3, X4) = <‘//x1 +¢x2 +'ﬁx3,— X4, = G’ (X1, %) G? “(x3,x4), (4.11)
where we used the fact that Yo ¥ > =0.

Let g,(x) be the free propagator, whose Fourier transform is g, (k) =
oK)/ (—iky +wk), see (2.4). Then, we can write the above equation as

Gi(xlﬁ X29 X39 X4)

=_ijd1g (Z X4)<‘px1 +l//x2+ X3, 7, — z++¢;+>
+AG (%1 %) [ dzg (2=x)W5, i YE VLD

—ifdzg 1@=x KWy, V5 L WG Vs ¥y, DY (412)
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From (4.12) we get

_Gi(xl, Xy, X3, Xy)

=1 [dzg @=x)U5, U5 4P DT WS, VI
+A‘J\dzg (Z X4)<pz +5 lpxl +5 l/lxz +5 X3, - Z—>T

+1 [ dzg (=x)W5, ¥ s VT, @13)

where

Pro=¥5 Vs o (4.14)

The last addend is vanishing, since <{p, ,»> =0 by the propagator parity
properties. Then we get the identity, in terms of the Fourier transforms, as

_éi(kl, k2’ k3)

=Ag_<k4)[62<k3)éil(kl Ko, o) zGitl(p;kl,kz,ka)],

(4.15)

+L/3

where k, =k, —k, +kj; see Fig. 2.
We shall call (4.15) the Dyson equation of our model.

Fig. 2. Graphical representation of Dyson equation.
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By using (4.9), (4.15) can be rewritten in the following way:
_éi(kls kZa k3)

=zg_(k4)[62(k3)éil(kl b ko) 72 G40 kl,kz,ka)]

Lp
1 o Gi(k —p, Ky, ky)— G (K, ky +p, Ks)

X

Lﬁ p70 D, (p)

+A8_(ky) —

+A8_(ky) — Y HY'(p; ky, ko, k). (4.16)

L)B p#0

4.3. Consequences of Ward Identities and Dyson Equation

By using the tree expansion described in Section 2, it is possible to
show that, in the model with cutoff function C, (k)~, if |k|=7" and
£ =max, ;< |;| is small enough,

¢ k, k zy 4.1

G%'(2k, k) = & 17
o ( ) ZZD(k)Z[ +0(&Y)], (4.17)

. 1

G (k)=—[1+0(8)], 4.18
»(K) Zthk[Jr(e)] (4.18)
G4 (k, —k, —k) = Z;? [k|* [ = A, + O(8%)], (4.19)

(

‘Lﬂ p;o G4(p, k, —k, k)‘<CZ—hZ 1], (4.20)

i Gi(k_ps _l-(’ _k)l ‘_ Gi (ka _k+p’ _l-()l C 73h
|Lﬂ e MmE ™ e <P
4.21)

c e zy

—3hr eI _ 17, 4.22
zZ ZhV Ly ] (4.22)

1 4,1
‘LﬁzH (p,k k k)‘

p#0

In Appendix Al we give a short proof of (4.20), (4.21), (4.22); the
proofs of (4.17), (4.18), (4.19) follow very easily from the bound (2.43) and
are left to the reader.

Moreover, in refs. 6 the following bound was proved:

(2) 2)

4
< |H%'(2k, —K)| <2Cy 82 =L (4.23)

_ Z§
|k| — h = C —2h—2
rEE Z,)’

(Z,)*
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Let us now discuss the main consequences of the previous bounds.

First of all (4.5), (4.17), (4.18), (4.23), together with Theorem (3.1),
imply that Z,/Z{? = 1+ 0(A?). This is a very non trivial statement; in fact,
lim, ,  log[ZP,/ZP]1=#,(2) and lim,_ _ log[Z, ,/Z,]1=n(4), with
7,(4) and #(1) a priori different analytic functions of 1. However, the
bound Z,/Z;? = 14 0(4%) implies that # =17,. Note that this result is the
same one would obtain if the correction term H>' were not present.

Let us see now if it possible to prove the vanishing of the Beta func-
tion (in the form of Theorem (3.1)) directly from the Dyson equation
(4.15), as it is claimed in the physical literature, without any use of the
Luttinger model exact solution. Indeed, if one could neglect the term pro-
portional to H*', as it is usually done, (4.16), (4.21), (4.17), (4.18), and
(4.19) would imply that i, =AZP/Z,+0(&*). Then, by a procedure
similar to that used in Section 3, one could prove at the same time that the
Beta function is vanishing and that Z{?/Z, =14+ 0(A?). Note that this
result could not be obtained, by using only the Dyson equation (4.15),
because of the factor [y*" — 17 present in the bound (4.20).

On the other hand, the presence of corrections spoils the above
conclusion, because of the factor [y —1] even in the bound (4.22), con-
trary to our initial expectations. However, the bound (4.22) cannot be
improved, unless cancellations at every order are taken into account, which
is just what we want to avoid, as this would be equivalent to the original
problem of proving cancellations directly in the Beta function. In fact, we
can find terms in our expansion which behave as £2Z,* || y~*, whose sum
has the right behavior 82Z;*y .

The conclusion is that our procedure does not allow to prove rigor-
ously the vanishing of the beta function through Ward identities and
Dyson equation. The only hope is that one can prove that the correction
terms go to 0 as the cutoff goes to infinity; however this is not a simple
task, since it requires one is able to study the ultraviolet problem in the
Thirring model.

APPENDIX A1

A1.1. Proof of (4.21)

The two sums on the Lh.s. of (4.21) can be studied in the same way.
Let us consider, for example, (L) D p0 G* (k; —p, k,, k;)/ D, (p), where
k; are momenta satisfying the relations

k =k, =—k,=—k,=k, [k|=y" (Al.1)
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Moreover, we shall consider only the case L = f =0, as the analysis of
ref. 5 implies that the general case differs only by corrections which go to
zero as L, f — oo. Hence, from now on, we shall substitute (L)™' Y, .,
with (2z) 2 | dp.

The support properties of the external propagator of momentum
k, —p imply that |p| < y+y”", hence |p| <y if y" is small enough, as we shall
suppose (again only to simplify the notation). Hence we can write, defining
Xo(?) as in (2.5),

j dp é‘-tl—(l_(l —D, l_(Za l_(3)
(2n)? D,(p)

Gi(l_{l i l_(29 l_(3)
D,(p)

d
= [ Gy 007 0

_ dp Gi(l_(l_pa l_{Z’ l_(3) 2 Gi(l_(l_p’ l_{2, l_(3)
= G @ = >y (b P R e
(Al1.2)

where j,, is defined so that p/* = My" with M =y*/(y—1), and y,,(p) is a
smooth positive function with support in the ball |p| <y, such that
2 (P) + X, 01(p) = 1 for |p| < 1. Note that j,, is defined so that, if 1, > h;,
and £, (p) # 0, then |k, —p| e [y 2, y"*?].

The bound (4.21) immediately follows from the following Lemma.

Lemma A1.1. If the momenta k, satisfy condition (Al.1), there
exists a constant C such that

éi(l-(l —P, 1221 l-(3)

y 1 . .
<Cz Wb e p o> (A3
| (th .6 7 Ly if by >ju. (AL)
dp G4 (k; —p, ky, k) _y~?
Gy (@) == (p)2 3 <C8yZ_i' (A1.4)

Proof. By (2.42), we can write

© -1

Gf)(ﬁl—Pa l_(Z: 123): Z Z Z 64,1(1_(1 —P, l_{zal_%)’ (A1.5)

n=1 jo=h-1 ‘[69_]-0‘,,,4’0
|on|=4

where G, .Sy o . (4. 4., -
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Look at the contribution CA?M, associated with a fixed tree 7, and
suppose that f;, (p) # 0, with j,, < h,.The scale j, of v, has to be equal to h
or h+1, since two of the external propagators, those with momenta k,
and ks, have scale 4 or A+1. Let us call &, and A, the scale indices of the
other two external propagators, those with momenta k, —p and k, —p; the
definition of j,, implies that |2, —A,| <1 for i = 1, 4. These two propagators
are associated with two endpoints of type ¢ with scale A;+1 (see item 3
after Fig. 1); we shall call v, the non trivial vertices of 7, of scale A, <A,
immediately preceding them and v, the higher vertex with n? =2. Of course
the scale j, of v, has to be smaller that 4, and 4, and there is the possibility
that v; = v, = v,.

We shall consider three paths on the tree: the paths %, and %,, con-
necting v; and v, with v,, and the path € connecting v, with v,. By (2.43), if
ve® and |P| =4, d,=0; in all the other cases d, > 0. Hence, by using
(2.43), the fact, proved in ref. 5, that

0<1-2,/Z_, <C& (AL.6)

and the remarks that |P,| > 2, Vv € 7, and that on the path & there are at
most j, —h+2 vertices, we get, for p in the support of f, (p),

|é4,1(l_(1 _P, l_(Z, l_(3)|
—2h

<(ceylyion Ty

h VECUE VG

R T
Zy Ly, Lo Ve Zy vew \Zh,—1
—2h
=2, Y L (Gp—h) Z, Zh4 —d, ~1/2-d,
<(Co)y Ty = Z, H v Il » (A.7)

v¢® veEF

If we fix the scales j,, h, and h, of the vertices v,, v; and v,, we can sum
over the sets P, and the scale indices of the other vertices by using the
general procedure explained in ref. 5, since there is a factor smaller than
one in each vertex of the tree, as in the effective potential bounds. It is easy
to see, by using (Al.6), that the sum over the remaining scale indices of
20 /75 12, \/Zi, ]2, (note that j, <h <h,+1 and h<j,<h,+1)
is bounded by Cy"~"/2, Hence we get the bound (A1.3), since the integra-
tion over p gives a factor y*», because of the support properties of Ju, (D),
and |D,,(p)| ' <y~ if f), (p) #0.

The bound (Al.4) is ‘obtained essentially in the same way. One has
only to note that, if y,(p)#0, h, —h and h,—h are smaller of a finite
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number only dependent on M, so that the path € can contain only a finite
number of vertices. It follows that the sum over the trees with #» normal
endpoints of |G, ,(k, —p, k,, k;)| can be bounded by (Cz)" y~*Z;2, which
implies (A1.4) since | (2”’;2 1P D, (P < Cy". |

A1.2. Proof of the Bound (4.20)

We have to study the quantities G%'(p, ky, ky, k;) and (27)7*[dp
G*'(p, ky, ky, k;), with the momenta k, satlsfymg condition (A1.1).
The support properties of the external propagator of momentum
—p (see Fig. 2) imply that |p| <y+7", hence we can proceed as in
Section Al.1, by writing

I d . o
f(2 )2G1’1(P; k19k27k3)=j(2_7:;2XM(p) Gi’l(PS ki, k,, k;)

f(z )2 Ju,(P) GH(p; Ky, ky, k).
(A.8)

The bound (4.20) immediately follows from the following Lemma.

Lemma A1.2. If the momenta k; satisfy condition (Al.1), there
exists a constant C such that, if f, (p) # 0 and AAh, = min{h, &, }, then

)
1G4 1(p, Ky, ks, k)| < Ca” It L (A1.9)
moreover,

dp A4, 1 SR
Umfh,,(p)G (0, k;, &y, Ks)

Y- V4%
<C§2—2(1+C8‘)"P"‘—, if R, = s (A1.10)
Z, Z,
3 y—3hZ(2)
“1(p, ky, ky, ky) | < CB2 o 20 Al.11
[ o) 6 R | < e 2 anan

Proof. We can write

[e'e] -1
G*(psky, kp k) =Y Y Y GyoL(p Ky, Ky, Ky),  (AL12)
n=1 jo=h—17eTj a1
[Py =4
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where Gy .Sy 1.4+ 4+ As in the previous sections, we analyze the
consequences of the constraints on the scale indices, which follow from the
momenta values. Let us consider first the case f, # 0, with &, > ji,.

First of all, we note that there are 3 endpoints of type ¢ and scale
< h+1; hence j, <h+1. Let us call h, the scale of the first non trivial
vertex, say v,, immediately preceding the fourth vertex of type ¢, whose
momentum is equal to k, —p = k—p. For simplicity, we shall suppose that
this endpoint has scale A, +1 (see item 3 after Fig. 1); in fact the sum over
the scale index of the propagator does not change the bound, as one can
easily check. Moreover, we shall call 4; the maximum between the scales of
the two propagators associated with the endpoint of type J, v, the non
trivial vertex (of scale /;) immediately preceding it, and v, the higher vertex
with n¢ = n’ = 1. Finally %; and %, will be the paths on the tree 7 (possibly
empty) which connect v, and v, with v,, while € will be the path connect-
ing v, with v,. In Fig. 3 we plot a typical tree, by using empty circles to
denote the special endpoints; the meaning of the dashed line is explained
below.

The constraint on 4, implies that |, —h,| <1. On the other hand,
since p=k; —k,, if k; and k, are the momenta of the two propagators
emerging from the endpoint of type J, the definition of 4, and the support
properties of the functions f;(k) imply that 2p™*' > "~ It follows that
h; > h,—2—log, 2 and that the scale index j, of the vertex v, satisfies the
condition 4 < j, < h,+1. By proceeding as in the proof of (Al.7) and by
using also the remark that Zj2 /Z, <Z?/ thyc‘?'z("””l’), we get

—3h

A - - - —n Y _
|G4, l,r(pa kls k2: k3| < (C8) Y " (Z )3/2 ]._[ 4 o
h v¢E€

Ve Ve

R Zﬁ)[ [1 < Z, )y‘d»][ I] V_d"]
4/Zh¢ ZhJ vEGVE ‘/Zhv—l veby

- 0

<)’ " _h,Z —d, —d,+C5’ Al1.13

<(Ce)"—ry [Ty ™Il y**<.  (ALD3)
Zh th v¢ by veEs

If ve® and |P,| =2, d, =0; in all the other cases d, > 0. Moreover, if
, <wv, is the higher vertex belonging to %, such that |P,| =2, all the ver-
tices v € ¥ such that v <, are trivial vertices with |P,| = 2, except v, and,
possibly, the vertex immediately following v, and belonging to %; these
vertices belong to a connected subpath € of &, which can be empty and is
represented as a dashed line in Fig. 3. This claim easily follows from the
remark that, if v € ¥ and the cluster L, has only two external i fields, one
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<
L '

’ ™~

<

h—1 h Jp hy hy +1

Fig. 3. A typical tree contributing to G*'(p; k,, k,, k).

of these fields is contracted in the external propagator of momentum k, —p,
while the other one, by momentum conservation, has to be contracted in a
propagator with scale index equal to % or A+1, since the J field has
momentum p.

The previous considerations and the remark that the scale of the non
trivial vertex v, is essentially fixed, imply that the sum over the non trivial
vertices scale indices is equivalent to the sum over the length (difference
between the scale indices of the extreme vertices) of all paths connecting
two consecutive non trivial vertices, except . On the other hand, we can
associate with each path of this type, of length m, a factor y™/? by
extracting y~'/? from the factor y~%, d, > 1, associated with each vertex
belonging to it in the bound (A1.13). The remaining factors y~%*!/2 are
used to perform the sum over the sets P,, as in ref. 5.

Finally an easy explicit calculation shows that the trees with n=1
cancel out exactly under the condition (Al.1) on the momenta. It follows
that the sum over 7 of the Lh.s. of (A1.13) can be bounded as

— ZO

GHi(p, Ky, &y, k)| < CB Ly Zle
| (P, 15 B2 3)| [ Zﬁ y th

(Al.14)

Let us now consider (27)* [ dp f,, (p) G, 1.(p, ki, ky, k3); its bound
differs from the r.h.s. of (A1.13) for many reasons. First of all, there is a
factor 2w related to the integration volume. Moreover, if €] >0,
(277)__2 S_dp_fh,, (p) Gy 1, (p, Ky, Ky, k;) is of the form  Gy(k,) -8P(ky)
-G,(ky, ky, ks, k), where G, (k,) is a sum of graphs with an odd number of
propagators of scale greater or equal to ﬁp, the scale of #,. It follows that
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G,(0) =0, hence we can freely (i.e., without introducing new running cou-
pling constants) regularize it in the usual way, so getting an improving
factor y~* =" in the bound.

The same parity argument allows us to show that, if |P,| =2, 4, we can
perform all regularizations by increasing the Taylor expansion order by one
unit, without introducing new running coupling constants; for the same
reason, if |P,|+2n] = 6, we can freely perform a first order regularization.
Hence, we can improve the bound (2.43), by substituting d, with

- d,+1 if n’+nl <1, |P|+2n!<6
dv={ 0o, IFl+2m, (A1.15)

d

v

otherwise.

All these considerations, together with (A1.13), imply that

d A = - -
“(2_;)21[%(1’) Gy, Ky, Ky, Ks)

_3;, Z(Z)

(CE)" ZZ y hy l_[ y—c?u l_[ y—3v+C§2

th v¢BrUE ve¥y

WA
ny h — — & —dr
<@zt I1 Iy I v (aL1e)
h, v¢

CruE veEEs veEF

withd} =0, if |P,| =2, 4, and d; > 0, if |P,| > 4.

Let us now perform the sum over the scale indices, by proceeding as in
the proof of (Al.14). The bound is dominated by the trees such that
|P,| =4, if 7, <v<w,, since these vertices can be non trivial. For these
trees, the sum over the the scale indices associated with the non trivial ver-
tices belonging to ¥\ €, each of them carrying at least a factor Cg, can be
bounded by Y21 (»~B~1)(Cf)’. Hence, it is not hard to deduce from
(A1.16), by using also that zZ212, <ZP|Zy< " =M and the remark
before (A1.14) about the first order terms the bound (A1.10).

Let us now suppose that |p| < M y”. The previous analysis can be
repeated, but the constraints on the scale indices are different. There is
essentially no constraint on #4;, except the trivial one #4; >h, but
hy—h<1+log(M+1), since |k,—p|<(M+1)y" so that h<h,<h+
log,(M +1). Hence the length of the path % is bounded uniformly in 7 and
h, so that we get the bound (A1.11), as well as

. o yfsh Z(z)
1G*!(p, ki, ko, Ky)| < CE2 - (A1.17)
Z, Z,

The bound (A1.9) immediately follows from (A1.17) and (A1.14). |}
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Sketch of the Proof for the Bound (4.22)

In ref. 6 we have shown that there is an expansion for H*' similar to
that used for G%'. The only important difference is that we have now three
different special endpoints, associated with the field J and related to the
field T, , multiplying J in (4.7). These endpoints were called in ref. 6 of
type J and subtype T, Z*, and Z~, respectively. Moreover, to the endpoints
of type Z* and Z~ two new renormalization constants were associated,
verifying the following bound

G, +)
=i

)
Z;

3,-)

oA’ < <264% ¢ A< % <2 A, jelh —1]. (AL13)
j

Then, we can proceed as in the proof of the bound (4.20), by first
proving a Lemma similar to Lemma A1.2. In fact, the trees with the special
endpoint of subtype Z* can be treated exactly as the trees contributing to
Gi, ! as concerns the dependence on /4, because the only difference is that
the scale index of the special endpoint can not have the value +1.
However, since Z*" is of order &2, these trees give a contribution of
minimal order £* instead of &2.

Let us now consider the trees with the special endpoint of subtype Z~.
The corresponding Feynman graphs are topologically equivalent to graphs
contributing to G*!, if we substitute the special endpoint with a generic
graph with two external y fields of w index opposite to that of the external
field, see (153) of ref. 6. It easily follows, since Z{~ is of order &, that
these trees are of minimal order £ and satisfy the same bound as the
others, as concerns the dependence on 4.

We still have to consider the trees with the special endpoint of subtype
T, whose scale index 4, (see again ref. 6) is equal to +1, A+2 or A+ 1. If
hy = +1, by the usual arguments we can say that the value of the tree is
exponentially depressed as # — — oo with respect to the others; moreover, it
is easy to see that it is of minimal order &2. If 4, # 0, the value of the tree is
depressed only by a factor Z{?, but it is still of minimal order &% since
there is a cancellation between the first order contribution, as in the case
of G
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